Molecular clouds in the interstellar medium suffer gravitational instabilities that lead to the formation of one or multiple stars. A recently formed star inside a cold cloud communicates its gravitational force to the surrounding environment and soon an accretion flow falling into the star develops. After their formation, all stars soon eject a wind of gas that interacts with the external accretion flow. This interaction produces a shock wave that evolves with time. The work presented in this article formulates a simple prescription for the evolution of this interaction. With the aid of this model we construct a few radio continuum maps of the source.
§1 Introduction
When a low mass, isolated star is formed inside a gas cloud because of a gravitational collapse, the process of accreting gas from the cloud onto the star begins (Shu et al., 1987) .
At a later time a wind of gas emanating from the star collides with the accretion flow.
Depending on the ram pressure that the wind generates, it will be able to expand forever (when the ram pressure of the wind is much greater than the ram pressure of the medium), reach a steady state (when accretion and wind ram pressures are comparable) or collapse in the surface of the star (when the accretion ram pressure is greater than that of the wind) (Wilkin & Stahler, 1998 , 2003 . Bondi (1952) investigated the form of a spherical accretion flow induced by the gravitational pull of a central object. Because of the spherical symmetry of the accretion quantities, the shocks produced by the spherical wind and the accretion flow are both spherical and evolve with time. Ulrich (1976) made modifications to the spherical accretion model by considering a cloud with a small angular momentum. The cloud is rotating about an axis on which the central star lies. The result is that the accretion quantities in this model have cylindrical symmetry, i.e. they do not depend explicitly on the azimuthal angle. The interaction between this "Ulrich flow" and the spherical wind from the star produces two shocks that evolve with time. In this article we develop a simple model for this particular hydrodynamical interaction. We do this by equating the ram pressure of the wind with the ram pressure of the accretion flow. This is the easiest way to model the interaction. Wilkin & Stahler (2003) have already constructed a numerical solution to the problem by solving the complete hydrodynamical equations. These authors have included on their code not only pressure forces that give rise to the shocks. On their analysis they also included centrifugal forces that appear because of the curvature of the shock, and they took into account the gravitational field produced by the central star. The problem with such a general solution is that it is not very easy to predict observational quantities. In the present article we show how, with a simplified method, it is possible to produce radio continuum maps of the interaction between the wind and the accretion flow.
In section §2 we describe briefly Ulrich's accretion model. Sections §3 and §4 describe the steady state and the time evolution of the interaction. Finally, in section §5 we describe the validity of the predicted thin layer approximation and we calculate radio continuum maps from our model. §2 Ulrich's accretion model Let us briefly discuss some of the most important properties of a small angular momentum accretion flow that falls to a central compact object, such as a star. This type of accretion flow was first investigated by Ulrich (1976) .
Consider a star, or any other compact object of mass M . The star is embedded on a gas cloud, which for simplicity will be consider to be of infinite extension. Far away from the star, the density ρ ∞ , the pressure p ∞ and the velocity of sound c ∞ have uniform constant values. We assume that the cloud is rotating about the z axis as a solid body in such a way that its specific angular momentum Γ has the value Γ ∞ far away from this axis. We will consider the case in which the accretion process is so low, that the mass M of the central object can be consider constant. Finally, we assume that the flow has reached a steady state. The accretion flow obeys a polytropic relation
where p and ρ are the pressure and density of the gas respectively, and κ is the polytropic index.
Due to the fact that the accretion rateṀ in Bondi (1952) accretion flow is constant, and under the assumption that the mass of the central object is much greater than the gas mass contained on a sphere of radius r (r the distance from the star to a certain fluid particle), the self gravity of the gas is negligible with respect to the gravity of the central
object. In what follows we will consider Γ ∞ to be small so that the accretion with rotation can be considered to be a perturbation from the non-rotational accretion Bondi flow.
The problem is characterised by the following parameters: the gravitational constant G, the radius of the central object r 0 , the constants Γ ∞ , M , ρ ∞ , p ∞ , c, and the polytropic index κ. With these quantities it is possible to build three dimensionless parameters (without counting κ) 2) and p ∞ /ρ ∞ c 2 ∼ 1. The length r c = GM/c 2 is (apart from a function that depends of κ which is of order one) the radial distance where the fluid particle reaches the velocity of sound in the accretion without rotation (Bondi, 1952) . In other words, the fact that δ ≪ 1 assures that the radius of the central object is small compared with this distance.
The dimensionless parameter ǫ is ratio of the centrifugal force to the gravitational force of a fluid particle evaluated at position r c . Thus, if we impose the condition ǫ ≪ 1, the rotational effects are small perturbations to the Bondi accretion flow.
Due to the fact that the angular momentum of the accretion flow must be conserved, eventually the centrifugal force (∼ Γ 2 /r 3 ) will be equal to the gravitational force (GM/r 2 ).
The position r d = ǫr c where this occurs is precisely the distance where the flow deviates considerably from the Bondi spherical accretion and where a disc of radius r d on the equatorial plane forms (Cantó et al., 1995) .
Low mass, recently formed stars are such that
with an azimuthal velocity far away from the star of the order ofφ ∼ 10 −14 s −1 , and a lifetime τ value such that 10 4 yrs τ 10 5 yrs. With these values, the angular momentum far away from the rotation axis takes the value Γ ∞ = (cτ ) 2φ ∼ 9.61 × 10 18 cm 2 s −1 . Thus, for low mass, recently formed stars, it follows that δ ∼ 1.75 × 10 −5 ≪ 1, ǫ ∼ 0.2 ≪ 1, r c ∼ 536 AU and r d ∼ 100 AU.
At time τ = 0, when the gravitational effects produced by the star begin to be noticed by the gas in the cloud, the gas starts to be accreted. In what follows we will consider that the time τ is sufficiently large so that r c < cτ . With this, it follows that the region of the flow r > cτ is not perturbed by the gravitational effects of the star. When r c < r < cτ the gas is being accreted to the centre subsonically and its rotational effects are negligible.
The flow inside the region r d < r < r c is being accreted with a supersonic velocity and its rotational effects are small. When r < r d , the rotational effects are very important on the dynamics of the accretion flow and the velocity of the gas flowing towards the centre is supersonic.
Because pressure gradients and variations on the internal energy along the streamlines of the accretion flow contribute little to the energy and momentum equations, the streamlines can be taken as ballistic. If we also consider that the mass of the disc M d is much smaller than the mass of the central object, then the trajectory of a fluid element of the accretion flow is described by a central Newtonian potential.
The total mechanical and internal energy of a fluid element far away from the central object is non-zero. This is because the azimuthal component of the velocity and the temperature differ from zero at that point. Nevertheless, the difference between the total energy and the kinetic plus potential energy of a fluid element near the disc is small. This is valid for small values of the rotational kinetic energy (i.e. when ǫ ≪ 1) and when heating due to radiation is insignificant. In other words, the streamlines near the disc have to be parabolic trajectories such that
where E is the energy per unit mass of a fluid element near the disc and v its velocity. Once the particles reach the plane θ = π/2 (θ the polar angle) where the disc lies, the particles merge into the disc. Because of this, the only interesting trajectories for the accretion flow are the upstream trajectories to the disc.
For simplicity, in what follows we will work with dimensionless quantities, unless stated otherwise. In other words, let us make the changes
where the natural velocity v k * and density ρ 0 are defined by
The analytical form of the stream lines, the velocity field and density for the accretion flow with rotation are given by (Ulrich, 1976 ) * v k is the velocity (keplerian velocity) of a particle that rotates about an axis on a circular trajectory of radius r d under the influence of a central Newtonian field.
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where v i (i = r, θ, ϕ), and ρ are the velocity and density fields of the accretion flow respectively. The azimuthal angle is represented by ϕ. The initial polar angle θ 0 that a fluid element has once it begins its way down towards the disc (see Figure 1 ),Ṁ is the accretion rate and P 2 (ξ) is the second order Legendre polynomial given by
A plot of the streamlines (Eq. (2.6)) projected on a plane ϕ = const is shown in Figure 2 .
The angle θ 0 labels a particular streamline. For each θ 0 there is only one streamline, because they cannot intersect. It is clear from the velocity field equations that when θ 0 → 0, the polar and azimuthal components of the velocity become zero as well. Thus, the streamlines become parallel near the axis of rotation.
The velocity and density field equations are functions that depend only on the particle's position and not of the initial polar angle θ 0 . This is easily seen by rewriting Eq. (2.3) as
which has a solution (see appendix §6) From Eq. (2.12) it is easy to see that
14)
where Θ(χ) is the Heaviside step function with a value of 1 for χ > 0 and 0 for χ < 0.
With the substitution of Eq. (2.14) and Eq. (2.15) into Eq. (2.10) it is possible to give values for the density in the equatorial plane and the polar axis respectively
The fact that the density tends to infinity as r tends to zero for any θ is due to the accumulation of the accreted gas around the central object. Nevertheless, the border of the disc (i.e. r = 1 and θ = π/2) has also an infinite density. This is because we are considering an infinitely thin disc and so, border effects on it are expected to appear. to make a detailed analysis of the density distribution in the accretion flow. §3 Steady interaction
From now on, let us suppose that the central object is a recently formed star, and that a supersonic, uniform and isotropic wind is being produced by it. In this section we discuss the interaction between the Ulrich accretion flow described in Section §2 with the wind of the star.
The interaction between the supersonic accretion flow and the supersonic stellar wind gives rise to an initial discontinuity. The end result of this interaction is the production of two shock waves and a tangential discontinuity between both. In the frame of reference of the tangential discontinuity, the shocks separate from each other. Under the assumption that both shocks occupy the same position in space, so that we can call both shocks "the shock" for simplicity, we analyse the geometrical form that the shock has under the assumption that the only type of forces that keep the shock stable are pressure forces.
Apart from pressure forces, there will be centrifugal forces (produced by the post-shock material) acting on the walls of the shocks. These forces are originated because the shock is curved. In section §5 we analyse under which conditions, the assumption that both shocks occupy the same position in space (thin layer approximation) is valid by studying the cooling lengths of the flow. It turns out that for the steady case, this approximation is correct.
Under these assumptions, the locus of the points of the shock are given by balancing the ram pressure produced by both flows, the accretion flow and the stellar wind. In other words, the shock is located at points for which
where the subindex w labels quantities related to the stellar wind and n means the normal component of the velocity. The wind's density is determined by the mass loss rateṀ w of the starṀ
In order to get a dimensionless form of Eq. (3.1), we make the changes
where ρ w0 =Ṁ w /4πr 2 d v w . Combining these changes with the ones presented in Eq. (2.4) we obtain
where λ is a dimensionless parameter given by
Eq.(3.4) determines the position r(θ, ϕ) of the shock as a function of the polar angle θ and the azimuthal angle ϕ. A normal vector to this surface is given by 
where n ≡ n/n is a unit vector in the direction of n.
The accretion flow and wind velocities are radial on the rotation axis. This means that the locus of the shock satisfies the following boundary condition
Using Eq. (3.7) and Eq. (3.8), it follows from Eq. (3.4) that over the rotation axis of the cloud, the value of the distance r from the star to the shock is given by
This equation implies that for λ > 1/2 there is no value for the initial condition of the position of the shock. In other words, there is no steady solution for the case when λ > 1/2.
The equation satisfied by the spatial points on the shock r(θ) is given by substitution of Eq. (3.6) into Eq. (3.4), that is Let us now analyse the evolution in time of the interaction between the stellar wind and the accretion flow. As discussed in section §3, two shocks are formed. For simplicity we will consider that both shocks occupy the same position in space and we will refer to this region as the shock, unless stated otherwise. If we assumme that only ram pressure forces act on the surface of the shock, then from the system of reference of the shock Eq. (3.1)
is also valid. In order to transform it to the frame of reference of the star, we make the
where v wn , v sn , v n represent the velocities of the stellar wind, the shock wave and the accretion flow respectively, all normal to the shock wave. With these changes, Eq. (3.1)
In order to write Eq. (4.2) in a dimensionless form, we use the changes described in Eq. (2.4) and Eq. (3.3) together with
Performing these transformations, Eq. (4.2) can be written as
where λ is defined by Eq. (3.5) and η is another dimensionless parameter given by
When v sn → 0, that is when the evolutionary shock becomes steady, Eq. (4.4) converges to Eq. (3.4).
Since we are only interested in the geometrical shape of the shock and not on the particular trajectory that a small fragment of the shock follows, we analyse only the form that the shock will have as a function of time for a fixed polar angle. Because of this, the relation between the shock's radial velocity v s and its normal velocity can be obtained from Eq. (3.7)
With this, Eq. (4.4) can be rewritten as
where the normal values of the stellar wind and the accretion flow given by Eq. (3.7) have been used.
Near the star, for r ≪ 1, the velocity field and density for the accretion flow are spherically symmetric and coincide with the spherical symmetry of these quantities for the stellar wind. In other words, at time t = 0 the shock is a spherical surface of radius r ⋆ , the radius of the star We have assumed that the shock produced by the stellar wind, as well as the one produced by the accretion flow, occupy the same position in space. In this section we analyse under which circumstances this approximation is correct. As usual, we define the cooling length l c as the distance travelled by a particle from the shock front until it reaches a point in which the temperature has a value ∼ 10 4 K (Hartigan et al., 1987) . Hartigan et al. (1987) estimated cooling lengths for different shock velocities v sn in the interval 20 km s −1 v sn 400 km s −1 , and particle number density n in the interval From now on, we will assume that Eq. (5.1) is valid for any density and velocity ranges.
The equations that describe the accretion flow (Eqs. (2.6)-(2.10)), the stellar wind flow (Eq. (3.4)), the shock velocity (Eq. (4.4)) and the time can be written in dimensional form as follows
where tilded quantities are referred to the dimensionless variables considered in the previous sections. We now give values of the hydrodynamical quantities for the accretion flow and the stellar wind for typical values of recently formed stars of low mass
where n 0 y n w0 are the particle number densities of the accretion flow and the stellar wind respectively with the assumption that the average mass per particle ism ∼ 1.3m H . As shown by Eq. (5.5), typical values of the velocity v k are sufficiently small to be used in the calculation of the cooling length of the accretion flow using Eq. (5.1). Thus, from now on, we will only analyse the cooling lengths for the stellar wind.
In order to simplify things further we calculate the cooling lengths for the stellar wind leaving fixed the quantities M ,Ṁ , r d , v w , with typical values as the ones showed in Eqs. (5.5)-(5.7) and we will only vary the quantityṀ w . Table 5 .1 shows the maximum variation of the ratio of the cooling length to the length between the shocks for different polar angles in the steady case. These results show that, for the steady case the assumption of a thin post-shock layer is correct for the stellar wind.
Let us now analyse the cooling lengths of the stellar wind for the case in which the shock evolves with time. In the frame of reference of the shock wave, the formulae used In this case, it follows that the ratio of the cooling length to the radial distance to the star, when λ > 1/2, is large. To see this, let us make an asymptotic expansion of Eq. (5.8)
for r ≫ 1. With this, and using Eq. (4.11), it is found that l c AU
(5.9) Figure 10 shows at which times the thin layer approximation ends its validity for certain values of the parameter λ > 1/2. In the case where the shock evolves with time, for λ ≤ 1/2, the cooling lengths and the distance to the shock are always small until the steady configuration is obtained, converging to the values shown on Table 5 .1.
Let us now analyse the shape that a radio continuum observation will show of the interaction described so far. For this, we assume that the shock emission is due to free-free processes and we use the brightness temperature T B given by 10) where T is the temperature produced by the shocks. The optical depth τ ν in the continuum, at a radio frequency ν of a shock wave with velocity v s and a pre-shock density n is given by (Curiel et al., 1989) τ ν = 9.83 × 10 Let us now calculate the emission flux produced by the stellar wind shock for the value used in Figures 11-12 in whichṀ w = 10 −7 M ⊙ yr −1 (λ = 10). For this case, the emission flux received on the plane of the sky is given by (Rodríguez, 1990 ) 13) where the integral is extended over the solid angle Ω occupied by the shock surface on the plane of the sky and c is the speed of light. The optical depth τ ν0 is observed through the plane of the sky. The quantity τ ν0 dΩ = τ ν da/D 2 , where da is the area element and τ ν is the optical depth, both normal to the shock surface. With this and because D is the distance from the observer to the shock surface, Eq. (5.13) can be rewritten as
(5.14)
Using Eq. (3.7) in spherical coordinates, Eq. (5.14) takes the form and r is measured in astronomical units.
When λ > 1/2, because the derivative of the shock with respect to the polar angle vanishes for sufficiently large times, the emission flow tends to a constant value given by S ν mJy t→∞ 3.37
(5.18) Figure 13 shows the emission flux as a function of time forṀ w = 10 −7 M ⊙ yr −1 (λ = 10). §6 Conclusions
We have developed a simple prescription to describe the hydrodynamical interaction between a rotating accretion flow onto a star with a spherically symmetric wind. For simplicity we considered a purely hydrodynamical flow, with no magnetic fields. The evolution of the shock wave produced by the interaction of the wind with the accretion flow is thus described by balancing the wind's force ∼Ṁ w v w with the accretion flow's force ∼Ṁ v k , where v k is the keplerian velocity that a particle has at a characteristic distance of r d , the radius of the disc. That allowed us to define a dimensionless parameter λ given by Eq. (3.5). For very large values of λ, the surface of interaction expands to infinity and the thin layer approximation breaks down. For small values of λ, in fact for λ < 1/2, it is possible to reach a steady configuration.
We would like to point out that a full analysis of the interaction should take into account the gravitational pull that the central star makes on the gas and the equilibrium equation must also include a centrifugal term. If magnetic fields are to be included on the whole description of the problem as well, then magnetic pressure will also play an important role on the structure of the cavities. We will make a more precise analysis considering all these physical processes in a future article. The solutions of Eq. (A2) are given by (Namias, 1984) For each case in Eq. (A3) there exist three different solutions due to the fact that arccos z = ± arccos p z + 2kπ,
with k = 0, ±1, ±2, . . . The subindex p refers to the main Riemann sheet.
For our particular case, we are interested in real solutions, so for the second and third cases in Eq. (A4) we set k = 0. For the first case, due to the symmetry of the problem, we consider only values of the polar angle such that 0 ≤ θ ≤ π/2. Let us define µ ≡ −β/α 3/2 and analyse the behaviour of the function ζ = cos {(arccos µ)/3 + 2kπ} with k = 0, ±1.
When µ > 0 we expect ζ ≥ 0. Since ζ(µ ≥ 0, k = 0) > 0 then the required solution occurs when k = 0. In other words, the required full solution is given by Eq. (A3) with k = 0. The polar angle θ ′ is such that θ = (π/60)θ ′ . 
